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S W R Y  
The dynamic coupl ing  between t h e  r o t o r  system and t h e  fuse l age  of a s i m p l i f i e d  
h e l i c o p t e r  model i n  hover i s  a n a l y t i c a l l y  i n v e s t i g a t e d .  Mass, aerodynamic damping, 
and e las t ic  and c e n t r i f u g a l  s t i f f n e s s  matrices are presented  f o r  t h e  a n a l y t i c a l  
model; t h e  model i s  based on a beam f i n i t e  e lement ,  w i th  polynomial m a s s  and s t i f f -  
ness  d i s t r i b u t i o n s  f o r  bo th  t h e  r o t o r  and fuse l age  r e p r e s e n t a t i o n s .  For t h i s  
a n a l y t i c a l  model, only symmetric fuse l age  and c o l l e c t i v e  b l ade  degrees  of freedom 
a r e  t r e a t e d .  R e a l  and complex e igenanalyses  are c a r r i e d  o u t  t o  o b t a i n  coupled 
ro to r - fuse l age  n a t u r a l  modes and f r equenc ie s  as a f u n c t i o n  of r o t o r  speed. 
t i o n  response r e s u l t s  are obta ined  f o r  t h e  coupled system sub jec t ed  t o  a r a d i a l l y  
uniform, harmonic b l ade  loading .  
response r e s u l t s  from an uncoupled a n a l y s i s  i n  which hub loads  f o r  an i s o l a t e d  
r o t o r  system sub jec t ed  t o  t h e  s a m e  s i n u s o i d a l  b l ade  load ing  as t h e  coupled system 
are app l i ed  t o  a f r e e - f r e e  fuse l age .  
response as a func t ion  of f o r c i n g  frequency and r o t o r  speed i s  s i m i l a r  i n  t h e  two 
cases, t h e  responses  r e s u l t i n g  from t h e  approximate,  uncoupled a n a l y s i s  are s i g n i f i -  
c a n t l y  g r e a t e r  than  those  r e s u l t i n g  from t h e  coupled a n a l y s i s .  Thus, i t  i s  necessary  
t o  c a r r y  ou t  a coupled ro to r - fuse l age  a n a l y s i s  i n  o r d e r  t o  a c c u r a t e l y  p r e d i c t  t h e  
f u s e l a g e  v i b r a t i o n  response.  
Vibra- 
The coupled response r e s u l t s  are compared w i t h  
It i s  shown t h a t  a l though the  fuse l age  
INTRODUCTION 
Vib ra t ion  i s  a s e r i o u s  problem i n  m i l i t a r y  and c i v i l i a n  h e l i c o p t e r s .  It  causes  
s t r u c t u r a l  f a t i g u e  and f a i l u r e ,  i n c r e a s e s  maintenance and o p e r a t i o n a l  c o s t s ,  impai rs  
performance, and has  impor tan t  human f a c t o r  imp l i ca t ions .  S u r p r i s i n g l y ,  however, 
v i b r a t i o n  r educ t ion  e f f o r t s  du r ing  t h e  o r i g i n a l  des ign  of most h e l i c o p t e r s  are n o t  
s i g n i f i c a n t .  Too o f t e n  i t  remains f o r  l a t e r  and c o s t l y  f l i g h t - t e s t  programs t o  
i d e n t i f y  v i b r a t i o n  problems and t o  sugges t  f i x e s  - f o r  example, t h e  a d d i t i o n  of v ib ra -  
t i o n  absorbers  o r ,  i f  necessary ,  even structuralmodifications. I n  a d d i t i o n  t o  t h e  
c o s t s  they  impose, t h e s e  ad hoc f i x e s  u s u a l l y  c a r r y  w i t h  them a weight pena l ty  t h a t  
reduces  e i t h e r  payload o r  range o r  both.  
There are many sources  of  v i b r a t i o n  e x c i t a t i o n  i n  a h e l i c o p t e r  - f o r  example, 
engine  and gearbox v i b r a t o r y  f o r c e s ,  t a i l - r o t o r  e x c i t a t i o n ,  r o t o r  m a s s  imbalance,  and 
r o t o r  wake impingement - bu t  main-rotor e x c i t a t i o n  is  u s u a l l y  t h e  most s i g n i f i c a n t .  
Th i s  e x c i t a t i o n  r e s u l t s  from a combination of  phenomena such  as hover o r  forward 
f l i g h t  aerodynamics, r o t o r  in f low,  hub motion, b l a d e  dynamics, and coupled ro to r -  
fu se l age  dynamics. Unfor tuna te ly ,  t h e  complete h e l i c o p t e r  v i b r a t i o n  problem i s  
v i r t u a l l y  impossible  t o  p r e d i c t ,  as y e t ,  because of i t s  s t r u c t u r a l ,  as w e l l  as aero- 
dynamic, complexity. 
To make t h e  h e l i c o p t e r  v i b r a t i o n  problem more t r a c t a b l e ,  s i m p l i f y i n g  assumptions 
must be made. Typ ica l ly ,  t h e  r o t o r  system and t h e  f u s e l a g e  are analyzed s e p a r a t e l y  
and then  a t t e m p t s  are made t o  account f o r  ro to r - fuse l age  coupling. F i r s t ,  hub f o r c e s  
and moments are obtained f o r  an  i s o l a t e d  e l a s t i c  r o t o r  r i g i d l y  supported a t  t h e  hub 
and subjected t o  aerodynamic loads .  The hub loads are then app l i ed  t o  a f l e x i b l e  
fuse l age ,  such as a NASTRAN f i n i t e  element model, and responses are then c a l c u l a t e d  
a t  d i f f e r e n t  p o i n t s  on t h e  fuse l age .  This  procedure i s  a ques t ionab le  one, however, 
because i t  does n o t  account f o r  ro to r - fuse l age  coupling. I n  r e f e r e n c e  1, i t  is noted 
t h a t  even i n t r o d u c i n g  an equ iva len t  r o t o r  m a s s ,  a l though i t  g ives  a somewhat b e t t e r  
approximation, s t i l l  does n o t  adequately r e p r e s e n t  t h e  coupled ro to r - fuse l age  sys- 
t e m .  Thus, t h e r e  appears  t o  be no v i a b l e  a l t e r n a t i v e  t o  c a r r y i n g  out  a coupled 
ro to r - fuse l age  a n a l y s i s  when one i s  i n v e s t i g a t i n g  f u s e l a g e  response t o  r o t o r  
e x c i t a t i o n .  
Recently,  s e v e r a l  coupled ro to r - fuse l age  ana lyses  w e r e  c a r r i e d  o u t  u s ing  s i m p l e  
mathematical  models i n  o rde r  t o  ga in  i n s i g h t  i n t o  t h e  physics  of t h e  coupled v ib ra -  
t i o n  problem ( r e f s .  1-4 ) .  I n  r e f e r e n c e  1, a coupled ro to r - a i r f r ame  a n a l y s i s  based 
on an impedance matching method is desc r ibed .  This  a n a l y s i s  i s  then app l i ed  t o  a 
simple,  s i n g l e - r o t o r  example and t o  p r e d i c t i n g  v i b r a t i o n  i n  t h e  Model 347 h e l i c o p t e r .  
The r o l e  of r o t o r  impedance i n  r o t o r c r a f t  v i b r a t i o n  i s  a s ses sed  i n  r e f e r e n c e  2 by 
Hohenemser-and Yin. I n  p a r t i c u l a r ,  they show t h a t  t h e  u s u a l  approximation whereby 
dynamic f o r c e s  and moments f o r  a r i g i d l y  supported i s o l a t e d  r o t o r  are app l i ed  t o  a 
f l e x i b l e  a i r f r ame  can l ead  t o  l a r g e  e r r o r s  i n  v i b r a t i o n  p r e d i c t i o n s .  I n  t h e i r  
improved method, Hohenemser and Yin use  t h e  r o t o r  impedance t o  c o r r e c t  t h e  dynamic 
r o t o r  f o r c e  and moment i n p u t s  t o  t h e  a i r f r ame .  This  work w a s  extended by Hsu and 
P e t e r s  ( r e f .  3 )  who performed a coupled ro to r - a i r f r ame  a n a l y s i s  u s ing  harmonic ba l -  
ance by matching f u s e l a g e  impedance w i t h  r o t o r  impedances ( f l app ing  only) c a l c u l a t e d  
f o r  a wide range of r o t o r  parameters. The r e s u l t s  of t h e s e  ana lyses  show t h a t  hub 
motions have t h e i r  g r e a t e s t  e f f e c t  on t h e  hub loads of r e l a t i v e l y  s t i f f  r o t o r s .  A 
harmonic balance s o l u t i o n  w a s  a l s o  used by Kunz ( r e f .  4 )  i n  a f u l l y  coupled r o t o r -  
c r a f t  v i b r a t i o n  a n a l y s i s  which showed t h e  s i g n i f i c a n t  e f f e c t s  of rotor-body coupl ing 
upon hub p i t c h i n g  moment. 
The o b j e c t i v e  of t h e  p re sen t  work i s  t o  extend t h e  previous ana lyses  ( r e f s .  1-4) 
by ca r ry ing  o u t  a q u a l i t a t i v e  examination of both t h e  b a s i c  ro to r - fuse l age  coupl ing 
mechanism and t h e  e f f e c t  of t h i s  dynamic coupl ing on f u s e l a g e  response. This  r e p o r t  
p r e s e n t s  t h e  r e s u l t s  of an i n v e s t i g a t i o n  i n t o  t h e  dynamic coupl ing between t h e  r o t o r  
system and t h e  fuse l age  of a s i m p l i f i e d  beam-model h e l i c o p t e r .  The ro to r - fuse l age  
model used i n  t h i s  a n a l y s i s  i s  based on a two-degree-of-freedom ( t r a n s v e r s e  de f l ec -  
t i o n  and r o t a t i o n )  beam f i n i t e  element w i t h  polynomial m a s s  and s t i f f n e s s  p r o p e r t i e s .  
Both rea l  and complex eigenanalyses  are c a r r i e d  o u t  t o  o b t a i n  the symmetric fuse l age  
modes and t h e  b l ade  c o l l e c t i v e  modes as a f u n c t i o n  of r o t o r  speed. Mode shapes,  as 
w e l l  as modal f r equenc ie s ,  are  obtained i n  both t h e  real  and complex analyses .  I n  
t h e  complex eigenanalyses ,  damping f o r  t h e  r o t o r  i n  hover i s  introduced us ing  quasi-  
s t eady  s t r i p - t h e o r y  aerodynamics. I n  a d d i t i o n  t o  t h e s e  e igenana lyses ,  t h i s  r e p o r t  
a l s o  d e s c r i b e s  forced response v i b r a t i o n  r e s u l t s  f o r  t h e  case of a r a d i a l l y  uniform, 
harmonic load app l i ed  t o  t h e  r o t o r .  Resu l t s  from coupled, as w e l l  as uncoupled, 
ro to r - fuse l age  response analyses  are p resen ted  and compared t o  demonstrate t h e  impor- 
t ance  of dynamic coupling. 
i nc lud ing  two- and three-dimensional p l o t s  and contour p l o t s .  
These r e s u l t s  are p resen ted  i n  s e v e r a l  d i f f e r e n t  formats 
2 
Because of t h e  r e l a t i v e  s i m p l i c i t y  of t h e  model used i n  t h e s e  ana lyses ,  t h e  
Nonetheless,  p re sen t  work cons ide r s  on ly  symmetric motion of t h e  r o t o r  and fuse l age .  
t h e r e  i s  s t i l l  a g r e a t  d e a l  t h a t  can b e  learned from t h e  r e s u l t s  of t h e s e  analyses .  
The model's s i m p l i c i t y  a l lows  one t o  e a s i l y  gene ra t e  responses  a t  any node p o i n t  for 
a l a r g e  number of f o r c i n g  f r equenc ie s  a t  many r o t o r  speeds. 
MATHEMATICAL MODEL 
The b a s i c  s t r u c t u r a l  element used t o  model t h e  r o t o r  and t h e  fuse l age  i n  t h i s  
a n a l y s i s  is  t h e  beam-bending f i n i t e  element,  as desc r ibed  i n  r e f e r e n c e  5. For s i m -  
p l i c i t y ,  t h i s  element ( f i g .  l), which is  based on a cubic  polynomial displacement 
func t ion ,  i nc ludes  t r a n s v e r s e  displacements  and r o t a t i o n s  i n  one p l ane  only.  The 
element mass, damping, and s t i f f n e s s  matrices used i n  t h i s  a n a l y s i s  are de r ived  i n  
appendix A and p resen ted  i n  appendix B. The u s u a l  uniform e las t ic  s t i f f n e s s  and con- 
s i s t e n t  m a s s  matrices have been extended t o  a l low f o r  up t o  a cub ic  polynomial varia- 
t i o n  i n  bo th  t h e  element m a s s  and s t i f f n e s s  p r o p e r t i e s .  I n  a d d i t i o n ,  t h e  rotor-blade 
elements a l s o  i n c l u d e  c e n t r i f u g a l  s t i f f n e s s  matrices and aerodynamic damping matrices 
based on quasi-steady s t r i p  theory.  Both of t h e s e  b l ade  element matrices va ry  w i t h  
r o t o r  speed. S t r u c t u r a l  damping is  included i n  both t h e  r o t o r  and t h e  f u s e l a g e  
elements. 
Because of t h e  r e l a t i v e  s i m p l i c i t y  of t h e  beam f i n i t e  element used t o  model t h e  
r o t o r  and f u s e l a g e ,  t h e  p r e s e n t  i n v e s t i g a t i o n  cons ide r s  only t h e  rotor-induced ver-  
t i c a l  shear  loads t h a t  are t r ansmi t t ed  t o  t h e  fuse l age .  The l o n g i t u d i n a l  and la te ra l  
f o r c e s ,  which cause p i t c h i n g  and r o l l i n g  i n  an a c t u a l  h e l i c o p t e r ,  are n o t  included 
here .  Therefore ,  t h i s  coupled a n a l y s i s  i s  r e s t r i c t e d  t o  symmetric l oad ings  and model 
c o n f i g u r a t i o n s  so  t h a t  only t h e  c o l l e c t i v e  r o t o r  modes and symmetric f u s e l a g e  bending 
modes are exc i t ed .  
The equat ions of motion f o r  t h e  real and complex eigenanalyses  and t h e  forced- 
response analyses  are given i n  appendix C.  I n  t h e  forced-response ana lyses ,  i n  addi- 
t i o n  t o  t h e  aerodynamic loading,  t h e  r o t o r  system i s  sub jec t ed  t o  a d i s t r i b u t e d  har- 
monic load. Although i n  t h e  p r e s e n t  a n a l y s i s  a r a d i a l l y  uniform load w a s  considered,  
a load d i s t r i b u t i o n  t h a t  varies l i n e a r l y  o r  q u a d r a t i c a l l y  w i t h  b l ade  span, as w e l l  as 
one o r  more point- loads app l i ed  t o  t h e  r o t o r  o r  t h e  f u s e l a g e  o r  both,  could be con- 
s ide red .  The p resen t  i n v e s t i g a t i o n  can r e a d i l y  be extended t o  a s tudy of t h e  s e n s i -  
t i v i t y  of coupled ro to r - fuse l age  v i b r a t i o n s  t o  s m a l l  v a r i a t i o n s  i n  geometric,  i n e r t i a l ,  
and s t i f f n e s s  parameters.  I n  a d d i t i o n ,  n a t u r a l  an t i r e sonances ,  as w e l l  as t h e  e f f e c t  
of i n t roduc ing  an i s o l a t o r  between t h e  r o t o r  and t h e  f u s e l a g e ,  could a l s o  be 
i n v e s t i g a t e d .  
The r o t a t i n g  beam mathematical  model used i n  t h i s  a n a l y s i s  has  been v a l i d a t e d  
f o r  an i s o l a t e d  r o t o r  b l a d e  i n  r e f e r e n c e  6 .  R e a l  e igenvalue and eigenvector  r e s u l t s  
obtained us ing  t h e  beam element and a cub ic  polynomial displacement func t ion  w e r e  
compared w i t h  t h e  n e a r l y  exac t  r e s u l t s  ob ta ined  us ing  a higher-order f i n i t e  element 
f o r  s e v e r a l  r o t a t i n g  beam examples. 
RESULTS AND DISCUSSION 
The beam model r e p r e s e n t a t i o n  of t h e  b a s i c  c o n f i g u r a t i o n  used i n  t h i s  coupled 
ro to r - fuse l age  a n a l y s i s  i s  shown i n  f i g u r e  2.  T h i s  model c o n s i s t s  of a h i n g e l e s s  
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r o t o r  -made up of two 5-element r o t a t i n g  beams c a n t i l e v e r e d  i n  bending t o  a lumped 
m a s s  hub - connected by a l i n e a r  s p r i n g  t o  t h e  midpoint of a 10-element fuse l age .  
A 5-element r e p r e s e n t a t i o n  of t h e  b l ades  w a s  chosen because i t  h a s  been shown t o  
g ive  f r equenc ie s  w i t h i n  1% of t h e  exact v a l u e s  f o r  t h e  f i r s t  t h r e e  r o t a t i n g  modes 
( r e f .  6 ) .  Figure 2 a l s o  shows t h e  l o c a t i o n  of t h e  r o t o r  and f u s e l a g e  node p o i n t s  f o r  
t h e  p re sen t  conf igu ra t ion .  The b l ades  are each 7.62 m (25.0 f t )  long wi th  uniform 
m a s s  and s t i f f n e s s  d i s t r i b u t i o n s  of 14.17 kg/m (0.30 s l u g s / f t )  and 82,600 Nom2 
(200,000 l b * f t 2 ) ,  r e s p e c t i v e l y ,  and t h e  concentrated hub has  a m a s s  of 233.5 kg 
(16.0 s l u g s ) .  I n  t h e  p re sen t  c o n f i g u r a t i o n  t h e  connect ion between t h e  r o t o r  and t h e  
f u s e l a g e  i s  assumed t o  be e s s e n t i a l l y  r i g i d ,  and, t h e r e f o r e ,  t h e  connecting s p r i n g  
has  a r e l a t i v e l y  high s p r i n g  c o n s t a n t ,  k ,  of 1 . 4 6 ~ 1 0 ~ ~  N/m (1.00~10~~ l b / f t ) .  The 
f l e x i b l e  f u s e l a g e  i s  12.2 m (40.0 f t )  long wi th  t h e  nonuniform, b u t  symmetric, m a s s  
and s t i f f n e s s  d i s t r i b u t i o n s  shown i n  f i g u r e s  3 and 4 ,  r e s p e c t i v e l y .  These m a s s ,  
s t i f f n e s s ,  and geometric p r o p e r t i e s  w e r e  chosen t o  demonstrate  some of t h e  dynamic 
coupling c h a r a c t e r i s t i c s  of coupled ro to r - fuse l age  systems and s t i l l  t o  g ive  frequency 
placements t h a t  are r e p r e s e n t a t i v e  of t y p i c a l  h e l i c o p t e r s  having a nominal o p e r a t i n g  
r o t o r  speed of R = 30 rad / sec .  I n  a d d i t i o n ,  a reasonably t y p i c a l  rotor-plus-hub m a s s  
t o  f u s e l a g e  m a s s  r a t i o  of 0.11 w a s  chosen. F i n a l l y ,  i n  t he  response ana lyses ,  i n  
a d d i t i o n  t o  t h e  aerodynamic damping i n  t h e  b l ades ,  s t r u c t u r a l  damping of 6% has been 
assumed throughout t h e  ro to r - fuse l age  i n  o r d e r  t o  reduce t h e  magnitudes of t h e  reso-  
nance peaks i n  t h e  response p l o t s .  
Eigenanalyses 
Na tu ra l  frequencies- The uncoupled and coupled modal f r equenc ie s  as a func t ion  
of r o t o r  speed are presented i n  f i g u r e  5 (a )  f o r  t h e  r o t o r  and f u s e l a g e  without  s t r u c -  
t u r a l  o r  aerodynamic damping. A l s o  shown i n  t h e  f i g u r e  are t h e  (do t t ed )  nP l i n e s  
(n = 1 ,2 ,3 ,4 )  where t h e  modal frequency i s  equa l  t o  t h e  r o t o r  speed o r  one of i t s  
harmonics. The boundary cond i t ions  € o r  t h e  uncoupled systems w e r e  taken t o  be f r e e -  
f r e e  f o r  t h e  fuse l age  and hub-fixed f o r  t h e  r o t o r ,  s i n c e  t h e s e  boundary cond i t ions  
most c l o s e l y  approximate t h e  a c t u a l  boundary cond i t ions  of each component i n  t h e  
coupled system f o r  t h e  t y p i c a l  rotor-mass/fuselage-mass r a t i o  considered.  For t h e  
uncoupled f r e e - f r e e  fuse l age ,  f i g u r e  5 ( a )  shows t h e  two symmetric bending f r equenc ie s  
(F1 and F2) t o  be independent of r o t o r  speed. The uncoupled, c o l l e c t i v e  f l a p  r o t o r  
modes (B1, B,, and B 3 ) ,  on t h e  o t h e r  hand, i n c r e a s e s  i n  frequency as r o t o r  speed i s  
inc reased  and, consequently,  as c e n t r i f u g a l  s t i f f e n i n g  i s  inc reased .  Furthermore, 
when t h e  f u s e l a g e  and r o t o r  are uncoupled, t h e  curves of r o t o r  f l a p  and fuse l age  bend- 
i n g  f r equenc ie s  are seen t o  c r o s s  as t h e  f l a p  s t i f f n e s s  i n c r e a s e s .  S i m i l a r  frequen- 
cies are obtained f o r  t h e  coupled ro to r - fuse l age  system except  where t h e  r o t o r  and 
fuse l age  couple. 
are c l o s e  t o  t h e i r  uncoupled va lues  only when t h e  f r equenc ie s  are widely separated.  
When a region where t h e  uncoupled f r equenc ie s  c r o s s  i s  approached, t h e  frequency 
curves f o r  t h e  coupled modes begin t o  d ive rge  and approach t h e  frequency curves of 
t h e  companion modes. I n  t h e  p r e s e n t  paper t h i s  r eg ion  of modal coupl ing i s  r e f e r r e d  
t o  as a region of modal coalescence.  Here, f o r  t h e  in vacuo case ,  f i g u r e  5 ( a )  shows 
t h a t  t h e  uncoupled frequencies  are poor approximations t o  t h e  a c t u a l  coupled frequen- 
c ies ,  e s p e c i a l l y  nea r  where t h e  second fuselage-bending mode couples wi th  the  second 
r o t o r  f l a p  mode. 
When t h e  f u s e l a g e  and r o t o r  are e l a s t i c a l l y  coupled, t h e  frequencies  
The e f f e c t  of r o t o r  aerodynamic damping on t h e  uncoupled r o t o r  and t h e  coupled 
ro to r - fuse l age  system f r equenc ie s  is  shown i n  f i g u r e  5 ( b ) .  
of t h e  f i r s t  rotor-flap-mode frequency from above 1P t o  below lP, r o t o r  aerodynamic 
damping does n o t  have an apprec i ab le  e f f e c t  on the uncoupled r o t o r  modes. 
coupled ro to r - fuse l age  system, however, t h e  a d d i t i o n  of aerodynamic damping r e s u l t s  
Except f o r  t h e  r educ t ion  
For t h e  
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i n  a s i g n i f i c a n t  change i n  t h e  shape of t h e  curves i n  t h e  r eg ion  of t h e  ro to r -  
f u s e l a g e  mode frequency c r o s s i n g s .  Figure 5 (c )  shows t h a t  i n  the  presence of aero- 
dynamics, t h e  e f f e c t  of ro to r - fuse l age  coupl ing i s  less than i t  i s  i n  t h e  in vacuo 
case. Therefore ,  w i t h  r o t o r  aerodynamic damping included,  t h e  uncoupled r o t o r  and 
f u s e l a g e  f r equenc ie s  are a somewhat b e t t e r  approximation t o  t h e  coupled system 
f r equenc ie s .  
Mode shapes- Mode-shape p l o t s  are presented t o  b e t t e r  i l l u s t r a t e  t h e  phenomenon 
of modal coupl ing and, i n  p a r t i c u l a r ,  t o  show what happens when r o t o r  and fuse l age  
modes couple.  I n  a d d i t i o n ,  mode-shape p l o t s  are u s e f u l  i n  showing t h e  o f t e n  over- 
looked e f f e c t s  of aerodynamic damping and out-of-phase modal content  on coupling. 
In any d i s c u s s i o n  of mode shapes one i n e v i t a b l y  f a c e s  t h e  problem of how t o  name 
o r  l a b e l  d i f f e r e n t  modes t h a t  couple  and "cross" on t h e  frequency-versus-rotor-speed 
p l o t .  Some l i b e r t i e s  must b e  taken a t  t i m e s ,  s i n c e  a t  modal c r o s s i n g s  i n d i v i d u a l  
mode i d e n t i t i e s  may become l o s t  o r  ambiguous. For example, modes could be l abe led  t o  
r e p r e s e n t  t h e  o r d e r  of va lue  of mode n a t u r a l  f r equenc ie s ,  t h a t  is ,  mode 1, mode 2 ,  
etc.  For a given "phys ica l  mode," however, such a mode number changes a t  frequency 
coalescences;  f o r  example, t h e  " f i r s t  r o t o r - f l a p  mode" starts o f f  as mode 1 a t  low 
r o t o r  speed and switches t o  mode 2 a t  h igh  r o t o r  speed. I n  t h i s  r e p o r t ,  modes w i l l  
be  r e f e r r e d  t o  by t h e i r  dominant p h y s i c a l  c h a r a c t e r i s t i c .  
The e igenvec to r s  f o r  t h e  f i r s t  two r o t o r  c o l l e c t i v e  f l a p  modes are shown in f i g -  
u r e s  6 ( a )  and 6 ( b ) ,  and t h e  f i r s t  two fuse l age  symmetric bending modes a r e  shown i n  
f i g u r e s  6 ( c )  and 6 ( d ) .  The mode shapes f o r  t h e s e  four  modes are presented f o r  each 
of t h r e e  cond i t ions :  
f r e e - f r e e  fuse l age ;  (2)  coupled ro to r - fuse l age  in vacuo; and ( 3 )  coupled r o t o r -  
fu se l age  w i t h  r o t o r  aerodynamic damping included.  The mode shapes f o r  each case, 
except  t h e  two uncoupled f u s e l a g e  modes, which are independent of r o t o r  speed, are 
p resen ted  f o r  a range of r o t o r  speeds.  For t h e  coupled ro to r - fuse l age  system w i t h  
aerodynamic damping inc luded ,  both t h e  rea l  and imaginary p a r t s  of t h e  complex mode 
shapes are p l o t t e d  f o r  r o t o r  speeds from 0 t o  60 r ad / sec .  In  most ca ses  t h e  imaginary 
p a r t s  of t h e  mode shapes,  which come e n t i r e l y  from aerodynamic and s t r u c t u r a l  damping, 
are  s m a l l ;  as a r e s u l t ,  t h e  mode shapes are e s s e n t i a l l y  real and d i f f e r  only s l i g h t l y  
from t h e  mode shapes t h a t  w e r e  obtained from a real e i g e n a n a l y s i s  w i t h  damping 
neglected.  
(1) e i t h e r  an uncoupled hub-fixed r o t o r  in vaeuo o r  an uncoupled 
Consider f i r s t  t h e  modes of t h e  i s o l a t e d  r o t o r  b l a d e  t h a t  are shown i n  f i g -  
u r e s  6 ( a )  and 6 (b ) .  Of t h e s e  two uncoupled modes, which change somewhat w i t h  r o t o r  
speed, t h e  change i n  t h e  f i r s t  r o t o r  mode shape as r o t o r  speed i n c r e a s e s  is  most 
apparent  ( f i g .  6 ( a ) ) .  I n i t i a l l y ,  a t  zero r o t o r  speed, t h e  mode shape of each b l a d e  
is  t h a t  of a uniform c a n t i l e v e r  beam. Then, as r o t o r  speed i n c r e a s e s ,  t h e  r o t o r -  
b l ade  s t i f f n e s s  i n c r e a s e s  because of i nc reased  c e n t r i f u g a l  f o r c e s ,  and t h e  b l ade  
mode shape approaches a s t r a i g h t  l i n e .  S i m i l a r l y ,  t h e  second uncoupled r o t o r  mode 
a l s o  tends t o  f l a t t e n  ou t  as r o t o r  speed i s  inc reased  ( f i g .  6 ( b ) ) .  
The f i r s t  two symmetric bending modes f o r  t h e  uncoupled f r e e - f r e e  fuse l age  are 
shown i n  f i g u r e s  6 ( c )  and 6 ( d ) .  
i n c r e a s e s ,  s i n c e  t h e  uncoupled f u s e l a g e  modes are independent of r o t o r  speed. 
These modes do no t  change shape as r o t o r  speed 
Now w e  w i l l  trace t h e  changes i n  t h e s e  fou r  b a s i c  modes ( f i r s t  r o t o r - f l a p ,  second 
r o t o r - f l a p ,  f i r s t  fuselage-bending, and second fuselage-bending) as they are mani- 
f e s t e d  i n  t h e  coupled system. Usually t h e i r  i d e n t i t y  i s  ev iden t ,  b u t  when modes 
coa le sce  t h e i r  s e p a r a t e  i d e n t i t i e s  are o f t e n  l o s t .  The e f f e c t  of ro to r - fuse l age  
coupl ing on t h e  r o t o r - f l a p  mode shapes i s  s m a l l .  For t h e  coupled ro to r - fuse l age  
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c o n f i g u r a t i o n  i n  f i g u r e s  6 ( a )  and 6 ( b ) ,  bo th  w i t h  and without  aerodynamic damping 
inc luded ,  t h e  r o t o r  d e f l e c t i o n s  are n e a r l y  t h e  same as f o r  t h e  uncoupled rotor-blade 
modes. A t  t h e  s a m e  t i m e ,  t h e  f u s e l a g e  d e f l e c t i o n s  f o r  t h e s e  r o t o r  modes are ve ry  
s m a l l ,  except at r o t o r  speeds a t  which t h e r e  is  a coalescence of a r o t o r  mode w i t h  a 
f u s e l a g e  mode. The r o t o r  modes do no t  e x h i b i t  much f u s e l a g e  motion, because t h e  m a s s  
of t h e  f u s e l a g e  p l u s  t h e  concen t r a t ed  hub m a s s  is  much l a r g e r  than t h e  m a s s  of t h e  
r o t o r  blades.  ( I n  t h i s  case t h e  m a s s  r a t i o  is  20 : l . I  I n  a d d i t i o n ,  t h e  hub motion 
i s  u s u a l l y  n e g l i g i b l e ;  t h i s  j u s t i f i e s  t h e  convent ional  uncoupled approximation t o  t h e  
coupled ro to r - fuse l age  system whereby hub f o r c e s  and moments, which are obtained f o r  
an i s o l a t e d  e las t ic  r o t o r  r i g i d l y  supported a t  t h e  hub, are app l i ed  t o  a f l e x i b l e  
fuse l age .  I n  c o n t r a s t ,  t h e  f u s e l a g e  modes ( f i g s .  6 ( c )  and 6 ( d ) )  g e n e r a l l y  produce a 
l a r g e  hub motion which i n  t u r n  "exc i t e s "  l a r g e  r o t o r  d e f l e c t i o n s  i n  f u s e l a g e  modes. 
Of p a r t i c u l a r  i n t e r e s t  i s  t h e  behavior of t h e  coupled ro to r - fuse l age  configura-  
t i o n  nea r  
w i t h  t h e  second ro to r - f l app ing  mode. 
f o r  t h e s e  two modes ( f i g s .  6(b)  and 6 ( d ) )  look very  s i m i l a r  except t h a t  t h e  fuse l age  
d e f l e c t i o n s  are 180" o u t  of phase. Both of t h e s e  real modes c o n t a i n  fuselage-bending 
and ro to r - f l app ing  d e f l e c t i o n s .  The mode shapes i n  a i r  f o r  t h e s e  two modes, on t h e  
o t h e r  hand, are ve ry  d i f f e r e n t  from each o t h e r .  This  d i f f e r e n c e  shows up i n  t h e  com- 
p l e x  eigenvectors .  I n  f i g u r e  6 ( b ) ,  f o r  second r o t o r - f l a p  mode i n  a i r ,  t h e  real p a r t  
of t h e  modal d e f l e c t i o n s  c o n t a i n s  only second ro to r - f l app ing ,  and t h e  imaginary mode 
shape con ta ins  a ve ry  s m a l l  amount of both r o t o r  and f u s e l a g e  d e f l e c t i o n s .  I n  f i g -  
u r e  6 ( d ) ,  f o r  t h e  second symmetric fuselage-bending mode i n  a i r ,  however, t h e  real  
p a r t  of t h e  complex mode shape i s  predominantly second fuselage-bending, and t h e  
imaginary mode shape shows a very s i g n i f i c a n t  amount of second ro to r - f l app ing .  
R = 30 r a d / s e c ,  where t h e  second f u s e l a g e  bending mode i s  h igh ly  coupled 
The in vacuo mode shapes a t  R = 30 r a d / s e c  
To b e t t e r  focus on t h e  d e t a i l s  i n  t h e  R = 30 r ad / sec  r eg ion  of h igh  r o t o r -  
f u s e l a g e  coupl ing p rev ious ly  seen i n  t h e  frequency p l o t  of f i g u r e  5 ( c ) ,  mode shapes 
f o r  r o t o r  speeds of 24-36 r a d / s e c  are presented i n  f i g u r e s  7 (a )  and 7 (b ) .  These f i g -  
u r e s  show t h e  changes t h a t  occur i n  t h e  coupled ro to r - fuse l age  second r o t o r -  and 
second fuselage-mode shapes,  r e s p e c t i v e l y ,  i n  t h e  v i c i n i t y  of t h e i r  coalescence.  I n  
f i g u r e  7 ( a ) ,  t h e  f u s e l a g e  d e f l e c t i o n s  f o r  t h e  second r o t o r  mode in vacuo are seen t o  
f i r s t  i n c r e a s e  as t h e  r o t o r  speed i s  inc reased  t o  30 r a d / s e c  and then t o  dec rease  
wi th  oppos i t e  phase as t h e  r o t o r  speed is  inc reased  f u r t h e r .  I n  a i r ,  both t h e  real  
f u s e l a g e  d e f l e c t i o n s  and a l l  of t h e  imaginary d e f l e c t i o n s  are s m a l l .  
t h a t  f o r  t h e  ro to r - f l app ing  and fuselage-bending modes considered he re ,  r o t o r  aero- 
dynamic damping suppresses  t h e  e f f e c t s  of rotor-body dynamic coupling. I n  f i g u r e  7 ( b ) ,  
however, f o r  t h e  second f u s e l a g e  mode in vacuo, t h e  r o t o r  d e f l e c t i o n s  f i r s t  i n c r e a s e  
and t h e  fuse l age  d e f l e c t i o n s  dec rease  as r o t o r  speed is  inc reased  t o  approximately 
30 r a d / s e c .  
i n c r e a s e  i n  r o t o r  speed w h i l e  t h e  f u s e l a g e  d e f l e c t i o n s  i n c r e a s e .  Again, t h e  i n - a i r  
d e f l e c t i o n s  are cons ide rab ly  d i f f e r e n t .  
of t h e  r o t o r  mode shape from second mode t o  f i r s t  mode of  o p p o s i t e  phase,  while  t h e  
imaginary p a r t  of t h e  r o t o r  d e f l e c t i o n s  f i r s t  i n c r e a s e s  and then decreases .  A s i m i l a r  
type of behavior occurs  f o r  t h e  coalescence of t h e  f i r s t  ro to r -b l ade  f l a p  mode w i t h  
t h e  f i r s t  fuselage-bending mode. The in vacuo and i n - a i r  mode shapes f o r  t h e s e  two 
modes are shown i n  f i g u r e s  7 (c )  and 7 (d ) .  Again, as i n  t h e  previous i n s t a n c e ,  t h e  
in vacuo and i n - a i r  shapes are considerably d i f f e r e n t  nea r  t h e  coalescence.  
This  imp l i e s  
Then t h e  r o t o r  d e f l e c t i o n s  change phase and dec rease  w i t h  f u r t h e r  
They show a g radua l  change i n  t h e  real p a r t  
A s  has  j u s t  been seen,  i n  fol lowing a mode f o r  i n c r e a s i n g  r o t o r  speed t h e r e  can 
be a s i g n i f i c a n t  d i f f e r e n c e  i n  behavior  between t h e  i n  vacuo and t h e  i n - a i r  cases, 
e s p e c i a l l y  nea r  a coalescence.  I n  f i g u r e  8 are shown t h e  uncoupled, coupled in vacuo, 
and coupled i n - a i r  e igenvalues  as a f u n c t i o n  of r o t o r  speed f o r  t h e  two modes pre- 
sented i n  f i g u r e s  7 (a )  and 7 (b ) .  The second fuselage-mode eigenvalues  f o r  t h e  coupled 
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i n - a i r  case are seen t o  f a l l  roughly midway between those  f o r  t h e  f r e e - f r e e  fuse l age  
a lone  and f o r  a f r e e - f r e e  f u s e l a g e  w i t h  an e f f e c t i v e  r o t o r  m a s s  t h a t  i s  an approxima- 
t i o n  sometimes used t o  account f o r  ro to r - a i r f r ame  i n t e r a c t i o n  ( r e f .  1). S i m i l a r l y ,  
t h e  second rotor-mode eigenvalues  f o r  t h e  coupled i n - a i r  ca se  roughly agree wi th  those 
f o r  an i s o l a t e d  r o t o r  bo th  w i t h  and without  aerodynamic damping included. The two 
in vacuo modes, however, behave q u i t e  d i f f e r e n t l y .  I n i t i a l l y ,  t h e  lower frequency 
mode i s  a predominantly second r o t o r - f l a p  mode and t h e  higher-frequency mode i s  mostly 
a second f u s e l a g e  bending along w i t h  a l i t t l e  second blade-f lap mode. 
r o t o r  speed of about 30 r a d / s e c ,  t h e  two modes exchange behavior s o  t h a t  t h e  f i r s t  
becomes f u s e l a g e  bending and the  second becomes b l ade  f l app ing .  I n  c o n t r a s t , . f o r  t h e  
coupled ro to r - fuse l age  i n - a i r  modes (as  f o r  t h e  uncoupled modes), a mode t h a t  begins  
as a fuselage-bending mode o r  as a blade-f lapping mode r e t a i n s  i t s  b a s i c  c h a r a c t e r  as 
r o t o r  speed i s  inc reased ,  even through a coalescence.  
Then, above a 
Coupled Rotor-Fuselage Response 
The v i b r a t i o n  response of t h e  coupled ro to r - fuse l age  system i n  a i r  w a s  i n v e s t i -  
gated by in t roduc ing  an a r b i t r a r y ,  uniformly d i s t r i b u t e d  harmonic load along t h e  
b l ades  ( f i g .  9)  and then  determining t h e  response a t  s e l e c t e d  node p o i n t s  on t h e  
fuse l age .  It  should be noted t h a t  t h e  frequency of t h i s  loading is  not  an i n t e g e r  
m u l t i p l e  of bR as i t  i s  f o r  a b-bladed r o t o r  r o t a t i n g  a t  R. Rather ,  i n  o rde r  t o  
s tudy t h e  dynamic coupl ing between t h e  r o t o r  and f u s e l a g e ,  a l l  f r equenc ie s  from 0 t o  
1 2 0  r a d / s e c  f o r  a l l  r o t o r  speeds from 0 t o  60 r a d / s e c  have been considered. The 
a b s o l u t e  magnitude of t h e  a c c e l e r a t i o n  response,  i n  g ' s ,  a t  t h e  c e n t e r  of t he  f u s e l a g e  
(node 1 7 )  owing t o  a 4,448-N (1,000-lb) harmonic load uniformly d i s t r i b u t e d  along t h e  
r o t o r  b l ades  i s  presented as a func t ion  of both f o r c i n g  frequency and r o t o r  speed i n  
t h e  3-D p l o t  of f i g u r e  1 0 ( a ) .  These same responses  are a l s o  presented i n  f i g u r e  10(b) 
as a contour map of cons t an t  v i b r a t i o n  amplitude superimposed on t h e  coupled r o t o r -  
fu se l age  eigenvalues  and nP e x c i t a t i o n  frequency l i n e s  from f i g u r e  5 ( c ) .  Fig- 
u r e s  10 (a )  and lO(b) show t h a t  t h e  system has resonant  responses  a t  t h e  two l i g h t l y  
damped fuselage-bendingmode f r equenc ie s  ( a t  about 25 and 80 Hz). Of p a r t i c u l a r  
i n t e r e s t  i s  t h e  s e n s i t i v i t y  of t h i s  v i b r a t i o n  response t o  r o t o r  speed nea r  t h e  f i r s t  
and second fuselage-bending-mode f r equenc ie s .  The dynamic coupl ing between t h e  r o t o r  
and f u s e l a g e  modes produces "val leys"  i n  t h e  response topography. The a c c e l e r a t i o n  
response a t  t h e  r o t o r  modal f r equenc ie s ,  however, i s  only s i g n i f i c a n t  a t  low r o t o r  
speeds,  s i n c e  aerodynamic damping, which i n c r e a s e s  w i t h  r o t o r  speed, suppresses  t h e  
response of t he  b l ades  and, hence, t h e  fuse l age .  On t h e  o t h e r  hand, i f  aerodynamic 
damping w e r e  t o  be neg lec t ed ,  a considerably d i f f e r e n t  3-D response p l o t  from t h a t  of 
f i g u r e  10 (a )  would b e  obtained ( f i g .  11). I n  t h i s  ca se ,  t h e  system response a t  t h e  
rotor-mode f r equenc ie s  i s  not  a t t e n u a t e d  w i t h  inc reased  r o t o r  speed as i t  i s  i n  t h e  
aerodynamically damped case. The e f f e c t s  of coupled ro to r - fuse l age  dynamics, however, 
are s t i l l  very much ev iden t .  
The maximum system responses  shown i n  f i g u r e  10 (a )  can be confirmed t o  co inc ide  
c l o s e l y  w i t h  the  coupl ing of t h e  fuselage-  and rotor-mode f r equenc ie s  by r e f e r r i n g  t o  
t h e  contour-eigenvalue p l o t  i n  f i g u r e  10 (b ) .  The minimum response of t h e  second 
f u s e l a g e  mode occurs  a t  a r o t o r  speed t h a t  i s  roughly e q u i d i s t a n t  from t h e  r o t o r  
speeds a t  which t h e  second and t h i r d  f l a p  modes coa le sce  w i t h  t h e  second fuse l age  
mode. 
I f  t h e  dynamic coupl ing between t h e  r o t o r  and f u s e l a g e  modes w e r e  neg lec t ed ,  t h e  
response would d i f f e r  g r e a t l y  from t h a t  shown i n  f i g u r e  lO(a ) .  Figure 12  shows t h e  
a c c e l e r a t i o n  response a t  node 1 7  f o r  a 4,448-N (1,000-lb) o s c i l l a t i n g  point-load 
app l i ed  a t  t h e  midpoint of an i s o l a t e d  f r e e - f r e e  fuse l age .  Here t h e  response i s  seen  
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t o  vary w i t h  f o r c i n g  frequency w b u t ,  of cour se ,  i t  does no t  va ry  w i t h  r o t o r  speed. 
I n  f i g u r e  13, t h e  peak responses of t h i s  uncoupled f u s e l a g e  are seen  t o  occur  a t  t h e  
two uncoupled f u s e l a g e  symmetric bending-mode f r equenc ie s ,  25.8 and 83.4 r a d l s e c .  
Besides t h e s e  two f r equenc ie s  a t  which resonance occur s ,  t h e r e  are two o t h e r  frequen- 
cies worth n o t i n g  i n  f i g u r e  13: 22.3 and 61.0 r a d l s e c .  A t  t h e s e  two f r equenc ie s  t h e  
response a t  node 1 7  is  n e a r l y  zero.  ( I f  s t r u c t u r a l  damping had n o t  been introduced 
i n t o  t h e  problem t h e  response would be e x a c t l y  ze ro . )  
f i r s t  two n a t u r a l  a n t i r e s o n a n t  f r equenc ie s  f o r  node 17 f o r  f o r c i n g  a t  node 17 .  
Na tu ra l  an t i r e sonances ,  which occur i n  s t r u c t u r e s  much as resonances do ( r e f .  7), are 
a f u n c t i o n  of f u s e l a g e  l o c a t i o n ,  as w e l l  as frequency ( f i g .  1 4 ) .  It i s  i n t e r e s t i n g  
t o  n o t e  t h a t  t h e  f u s e l a g e  a n t i r e s o n a n t  l i n e s  i n  f i g u r e  14 r e p r e s e n t  bo th  t h e  uncoupled 
f u s e l a g e  forced a t  i t s  c e n t e r  (node 17)  and t h e  coupled ro to r - fuse l age  w i t h  f o r c e s  
app l i ed  t o  t h e  r o t o r  which i s  connected t o  t h e  f u s e l a g e  a t  node 17.  Although a n t i -  
resonant  theory i s  not  considered d i r e c t l y  i n  t h e  p r e s e n t  paper ,  i t  i s  important as 
a p o s s i b l e  means of reducing forced v i b r a t o r y  response i n  h e l i c o p t e r s .  
These f r e q u e n c i e s  are t h e  
The fuse l age  nodal responses  p re sen ted  h e r e i n  r e p r e s e n t  t h e  a b s o l u t e  magnitude 
of what is  a complex response.  For completeness,  t h e  real and imaginary p a r t s  of t h e  
complex response a t  nodes 14 and 17 are p resen ted  i n  f i g u r e s  15(a)-15(d) f o r  t h e  
coupled ro to r - fuse l age  i n  a i r .  
The response p l o t s  presented above are f o r  only one p a r t i c u l a r  f u s e l a g e  node 
Figures  16 (a ) -16 ( f )  are included t o  
p o i n t .  
node p o i n t s  can b e  expected t o  be d i f f e r e n t .  
show t h e  v a r i a t i o n  of t h e  fuse l age  v i b r a t i o n  response from t h e  f u s e l a g e  t i p  (node 12)  
t o  t h e  c e n t e r  of t h e  f u s e l a g e  (node 1 7 )  f o r  t h e  coupled ro to r - fuse l age  system sub- 
j e c t e d  t o  a 4,448-N (1,000-lb),  r a d i a l l y  uniform, harmonic load app l i ed  t o  t h e  r o t o r .  
The response i s  seen  t o  be s t r o n g l y  dependent on t h e  f u s e l a g e  nodal  l oca t ion .  
Nodes 12 ,  1 4 ,  and 1 7  are  responsive i n  dec reas ing  magnitude i n  both fuse l age  bending 
modes, and nodes 13 and 15  are on ly  r e spons ive  i n  t h e  f i r s t  and second fuselage-  
bending modes, r e s p e c t i v e l y ;  node 16 i s  n o t  ve ry  r e spons ive  i n  e i t h e r  mode. These 
modal response r e s u l t s  co inc ide  d i r e c t l y  w i t h  t h e  nodal  displacements  of t h e  f i r s t  
two fuse l age  mode shapes ( f i g s .  6 ( c )  and 6 ( d ) ) .  
Since t h e  f u s e l a g e  is  a f l e x i b l e  s t r u c t u r e ,  t h e  response a t  o t h e r  f u s e l a g e  
Responses a t  n p e r  Rev 
It i s  recognized t h a t  i n  an a c t u a l  r o t o r c r a f t  t h e  p e r i o d i c  aerodynamic f o r c e s  
generated i n  forward f l i g h t  by a r o t o r  w i t h  
responses  only a t  nbR (where n = 1 ,2 ,3 ,  . . .) s i n c e  on ly  nbR s h e a r s  are t r a n s -  
mi t t ed  from the  r o t o r  t o  t h e  f u s e l a g e  f o r  a b-bladed r o t o r .  Although response c a l -  
c u l a t i o n s  have been c a r r i e d  ou t  f o r  a l l  combinations of f o r c i n g  frequency and r o t o r  
speed, t h e  resonant  responses of t h e  system can only occur  along t h e  nP = nbR "per- 
rev" l i n e s  on t h e  eigenvalue p l o t s  of f i g u r e s  5 (a ) -5 (c ) .  Thus, f o r  a two-bladed 
r o t o r  only t h e  response along t h e  2P and 4P 
o r  four-bladed r o t o r  only t h e  3P and 4P l i n e s ,  r e s p e c t i v e l y ,  have meaning. The 
h ighe r  va lues  of nP 
as P inc reases .  
b b l ades  produce f u s e l a g e  v i b r a t o r y  
l i n e s  are meaningful,  while  f o r  a three-  
are not  included h e r e ,  because t h e  responses  diminish r a p i d l y  
The nP response p l o t  f o r  t h e  coupled ro to r - fuse l age  response a t  node 1 7  pre- 
s en ted  previously ( f i g .  10 (b ) )  i s  shown i n  f i g u r e  1 7 .  I n  gene ra l ,  t h e  nP response 
peaks occur when t h e  nP l i n e s  i n  f i g u r e  lO(b) c r o s s  a f u s e l a g e  o r  b l ade  modal f r e -  
quency. I n  f i g u r e  1 7 ,  t h e  r o t o r  speeds a t  which t h e  nP l i n e s  c r o s s  t h e  f i r s t  and 
second blade-mode f r equenc ie s  and t h e  f i r s t ,  second, and t h i r d  fuselage-mode frequen- 
c ies  are l a b e l e d  B1, B2,  F l y  F2, and F g ,  r e s p e c t i v e l y .  The l a r g e s t  2P response 
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peak is  seen t o  occur a t  a r o t o r  speed of about 40 r a d / s e c  where t h e  
frequency co inc ides  w i t h  t h e  second fuselage-bending-mode frequency (F2) of 
80.7 r ad / sec .  There are i n s t a n c e s ,  however, where t h e r e  i s  no resonant  response peak, 
even though an  nP l i n e  c r o s s e s  a n a t u r a l  frequency of t h e  system. For example, t h e  
3P 
( f i g .  1 0 ( b ) ) ,  but  f i g u r e  1 7  shows no 3P response peak a t  t h i s  r o t o r  speed. I n  f a c t ,  
t h e  3P response is  ve ry  low a t  t h i s  r o t o r  speed. This  is  due i n  p a r t  t o  r o t o r  aero- 
dynamic damping bu t  i s  most ly  a r e s u l t  of t h e  f a c t  t h a t  t h e  B2 mode frequency is  
w e l l  s epa ra t ed  from t h e  F1 and F2 mode f r equenc ie s  a t  t h i s  r o t o r  speed ( see  
f i g .  9 (b ) ) .  The s a m e  is  a l s o  t r u e  where t h e  1P l i n e  c r o s s e s  t h e  f i r s t  blade-mode 
frequency (B1). 
2P e x c i t a t i o n  
l i n e  c r o s s e s  t h e  second blade-mode frequency (B2) a t  approximately 18 r a d / s e c  
F igu re  1 7  a l s o  shows how t h e  proximity t o  a coalescence a f f e c t s  t h e  nP 
response.  The 2P and 3P resonant  responses  a t  t h e  second f u s e l a g e  frequency (F2), 
which are nea r  t h e  F2 mode frequency 's  coalescence wi th  t h e  second b lade  mode, are 
cons ide rab ly  l a r g e r  t h a n  t h e  4P response a t  t h e  F2 mode frequency, which i s  w e l l  
s epa ra t ed  from t h e  coa le scences  of t h e  F2 mode w i t h  t h e  second and t h i r d  b l ade  
modes, r e s p e c t i v e l y .  I n  f a c t ,  r e f e r r i n g  back t o  t h e  contour  p l o t s  of f i g u r e  1 0 ( b ) ,  
t h e  4P l i n e  i s  seen t o  i n t e r s e c t  t h e  second fuselage-bending mode r i g h t  i n  a "val- 
l ey"  between t h e  two response peaks. The 2P and 3P l i n e s ,  on t h e  o t h e r  hand, i n t e r -  
s e c t  t h e  second f u s e l a g e  mode l i n e  h igh  up on t h e  s i d e s  of t h e  response "mountain." 
All of t h e  response ana lyses  p re sen ted  i n  t h i s  paper are f o r  an assumed 6% 
s t r u c t u r a l  damping which w a s  i n t roduced  t o  reduce t h e  magnitude of t h e  resonant  peaks 
of t h e  response p l o t s .  I n  o r d e r  t o  assess t h e  e f f e c t  of s t r u c t u r a l  damping on t h e  
coupled ro to r - fuse l age  response,  a d d i t i o n a l  response ana lyses  w e r e  c a r r i e d  o u t  w i t h  
2 %  and 10% s t r u c t u r a l  damping. F igu re  18 p r e s e n t s  d i r e c t  comparisons of t h e  coupled 
nP responses  a t  node 17 f o r  2 % ,  6% ( f i g .  17), and 10% s t r u c t u r a l  damping. The f i g -  
u r e  shows t h e  s i g n i f i c a n t  e f f e c t  s t r u c t u r a l  damping has  on t h e  resonant  response 
peaks t h a t  occur a t  t h e  f u s e l a g e  n a t u r a l  f r equenc ie s .  
I n  summary, a l though conven t iona l  wisdom says t h a t  one should avoid a l l  s i t u a -  
t i o n s  i n  which any system n a t u r a l  frequency is  nea r  t o  o r  coa le sces  w i t h  an exc i t a -  
t i o n  frequency (because ve ry  h igh  resonant  responses  can o c c u r ) ,  t h e  p re sen t  r e s u l t s  
show t h a t  sometimes t h e s e  s i t u a t i o n s  may no t  b e  a problem a t  a l l .  Figure 19 p r e s e n t s  
a q u a l i t a t i v e  r e p r e s e n t a t i o n  of r e g i o n s  of low, h igh ,  and ve ry  h igh  coupled ro to r -  
f u s e l a g e  response a t  system n a t u r a l  f r equenc ie s  f o r  node 17. As i n d i c a t e d  i n  t h e  
f i g u r e ,  an e x c i t a t i o n  a t  a p o i n t  where two system f r equenc ie s  ( i . e . ,  f u s e l a g e  and 
r o t o r )  c o a l e s c e  w i l l  produce ve ry  h i g h  v i b r a t i o n  response,  b u t  i f  a r o t o r  (or  fuse-  
l a g e )  mode frequency l ies  between two f u s e l a g e  (or  r o t o r )  mode f r equenc ie s ,  t hen  t h e  
e f f e c t  of an e x c i t a t i o n  a t  t h a t  p o i n t  may b e  s u b s t a n t i a l l y  a t t e n u a t e d .  Furthermore, 
whereas r e sonan t  e x c i t a t i o n  a t  fuselage-mode n a t u r a l  f r equenc ie s  has ,  i n  gene ra l ,  a 
l a r g e  e f f e c t  on f u s e l a g e  v i b r a t i o n  response,  t h e  o p p o s i t e  i s  seen t o  b e  t r u e  f o r  
r e sonan t  e x c i t a t i o n  a t  blade-mode n a t u r a l  f r equenc ie s .  
where t h e r e  i s  l i t t l e  aerodynamic damping, and nea r  t h e  coalescence of two modes, 
resonant  e x c i t a t i o n  a t  blade-mode n a t u r a l  f r equenc ie s  does n o t  l ead  t o  l a r g e  fuse l age  
responses.  
Except f o r  low r o t o r  speeds,  
Since t h e  coupled r o t o r - f u s e l a g e  v i b r a t i o n  responses  w e r e  s een  t o  vary from one 
f u s e l a g e  node t o  ano the r  ( f i g s .  1 6 ( a ) - 1 6 ( f ) ) ,  i t  i s  t o  b e  expected t h a t  t h e  nP 
responses  a t  t h e s e  nodes would a l s o  va ry  between nodes. F igu re  20 p r e s e n t s  t h e  nP 
responses  a t  node 14. The r e sonan t  nP response peaks f o r  t h i s  node are seen  t o  
occur a t  t h e  s a m e  f r equenc ie s  as f o r  node 17 ( f i g .  1 7 ) ,  b u t  t h e  ampli tudes of t h e s e  
responses  va ry  considerably.  I n  a d d i t i o n ,  t h e  an t i r e sonances ,  which, as noted earlier, 
va ry  from one node t o  a n o t h e r ,  occur  a t  d i f f e r e n t  f r equenc ie s .  
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The v a r i a t i o n  of t h e  nP responses  w i t h  f u s e l a g e  l o c a t i o n  and r o t o r  speed i s  
shown i n  t h e  3-D p l o t s  of f i g u r e s  21(a)-21(d).  I n  each case, t h e  l a r g e s t  response 
i s  a t  t h e  ends of t h e  fuse l age ,  a l though t h e  r o t o r  speeds a t  which t h e  maximum 
responses occur  are d i f f e r e n t .  It should be noted t h a t  t h e s e  3-D nP p l o t s  appear 
somewhat d i s t o r t e d  because some of t h e  d a t a  p o i n t s  i n  t h e s e  f i g u r e s  have been obtained 
by l i n e a r  i n t e r p o l a t i o n  and are p l o t t e d  u s i n g  s t r a i g h t  l i n e s .  Also ,  t h e s e  p l o t s  are 
of magnitudes only and do not  c o r r e c t l y  show t h e  node p o i n t s  on t h e  f u s e l a g e  a t  which 
t h e  response i s  zero.  
Approximate Uncoupled Response 
I n  t h e  preceding d i s c u s s i o n ,  t h e  forced-response behavior  of t h e  coupled r o t o r -  
f u s e l a g e  system, i n  hover,  w a s  obtained f o r  a uniformly d i s t r i b u t e d  harmonic load 
app l i ed  along t h e  r o t o r  blades.  I n  p r a c t i c e ,  however, coupled ro to r - fuse l age  systems 
have only r e c e n t l y  begun t o  be considered i n  v i b r a t i o n  ana lyses .  Such systems have 
h i s t o r i c a l l y  been approximated by separate uncoupled systems. Therefore ,  i n  o r d e r  t o  
exp lo re  t h e  accuracy and i n f l u e n c e  of t h i s  approximation and t o  i n v e s t i g a t e  t h e  
' e f f e c t  of dynamic coupl ing between t h e  f u s e l a g e  and r o t o r ,  response c a l c u l a t i o n s  w e r e  
a l s o  c a r r i e d  ou t  u s ing  t h e  convent ional  uncoupled approximation f o r  t h e  coupled sys- 
t e m .  The p h y s i c a l  elements of t h e  exac t  and t h e  approximate c a l c u l a t i o n s  are i l l u s -  
t r a t e d  i n  f i g u r e  22. To c l a r i f y  t h e  process  f o r  t h e  r e a d e r ,  f i g u r e  22 t r a c e s  t h e  
analyses  from app l i ed  f o r c e  t o  hub shea r  t o  f u s e l a g e  t r a n s f e r  func t ion  t o  v i b r a t i o n  
response.  For t h e  uncoupled case, t h e  s a m e  uniform 4,448-N (1,000-lb) harmonic load 
previously app l i ed  t o  t h e  r o t o r  of t h e  coupled system w a s  app l i ed  t o  an i s o l a t e d ,  
hub-fixed r o t o r ,  and t h e  r e s u l t i n g  hub r e a c t i o n  f o r c e s  (FR) w e r e  c a l c u l a t e d .  Then 
i n  a d d i t i o n a l  s e p a r a t e  ana lyses ,  t h e s e  r o t o r  hub r e a c t i o n s  w e r e  app l i ed  t o  t h e  
uncoupled, f r e e - f r e e  f u s e l a g e ,  both w i t h  and without  an e f f e c t i v e  r o t o r  m a s s  included.  
The e f f e c t i v e  r o t o r  mass i n  t h e s e  ana lyses  w a s  taken t o  be equa l  t o  t h e  f u l l  r o t o r  
m a s s .  The uncoupled case w i t h  an e f f e c t i v e  r o t o r  m a s s  i s  t y p i c a l  of t h e  procedure 
t h a t  has  been followed by t h e  h e l i c o p t e r  i n d u s t r y  i n  an at tempt  t o  o b t a i n  a b e t t e r  
approximation of t h e  i n t e r a c t i o n  between t h e  r o t o r  and f u s e l a g e  ( r e f .  1). 
In  f i g u r e  22, t h e  fuse l age  v i b r a t i o n  response a t  node 1 7  f o r  t h e  coupled system 
i s  compared w i t h  t h e  response obtained f o r  t h e  uncoupled system, both w i t h  and without  
r o t o r  m a s s .  The f i g u r e  shows t h a t  a l though t h e  q u a l i t a t i v e  behavior  of t h e  responses 
appears  t o  be s imi l a r ,  t h e  magnitude of t h e  approximate, uncoupled r e s u l t s ,  both w i t h  
and without r o t o r  m a s s ,  are considerably l a r g e r  t han  t h e  "exact" f u l l y  coupled 
r e s u l t s .  The a d d i t i o n  of t h e  r o t o r  m a s s  does,  however, r e s u l t  i n  an improvement i n  
both the  magnitude of t h e  response and the  frequency a t  which t h e  response occurs.  
This  improvement occurs even though t h e  t r a n s f e r  func t ion  f o r  t h e  uncoupled fuse l age  
without  r o t o r  m a s s  i s  i d e n t i c a l  t o  t h e  "exact" t r a n s f e r  f u n c t i o n  f o r  t h e  coupled sys- 
t e m ;  t h e  approximate t r a n s f e r  func t ion  f o r  t h e  uncoupled f u s e l a g e  w i t h  r o t o r  m a s s  i s  
somewhat lower i n  both magnitude and frequency because of t h e  inc reased  m a s s .  
The cause of t he  d i s p a r i t y  between t h e  coupled and t h e  uncoupled responses i s  
apparent when t h e  hub r e a c t i o n  f o r c e  f o r  t h e  i s o l a t e d ,  hub-fixed r o t o r  is  compared 
w i t h  the  hub s h e a r  f o r  t h e  coupled ro to r - fuse l age .  Figure 22 shows t h a t  i n  t h e  
coupled case t h e  presence of t h e  fuse l age  r e s u l t s  i n  a r educ t ion  of t h e  hub s h e a r  a t  
t h e  fo rc ing  f r equenc ie s  of t h e  f u s e l a g e  bending modes. For t h e  uncoupled case,  how- 
eve r ,  t he  fuse l age  modes do n o t  c o n t r i b u t e  t o  t h e  hub r e a c t i o n  f o r c e .  
A d i r e c t  comparison of t h e  coupled and uncoupled responses a t  node 1 7  i s  shown 
i n  t h e  nP response p l o t s  of f i g u r e s  23(a)-23(d).  Except f o r  t h e  1P p l o t  where 
t h e  coupled response i s  t h e  l a r g e s t ,  t h e  uncoupled cases  c o n s i s t e n t l y  o v e r p r e d i c t  t h e  
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response of t h e  system. For 2P, 3P, and 4P t h e  uncoupled response without  r o t o r  
m a s s  is  seen  t o  b e  cons ide rab ly  g r e a t e r  t han  t h e  uncoupled response w i t h  r o t o r  m a s s  
which i n  t u r n  i s  considerably g r e a t e r  than t h e  coupled response.  
This unde rp red ic t ion  of t h e  1P response and o v e r p r e d i c t i o n  of t h e  ZP, 3P, 
and 4P responses  f o r  t h e  uncoupled c a s e s  i s  shown d i r e c t l y  i n  f i g u r e s  24(a)-24(d) 
where t h e  r a t i o  of t h e  approximate, uncoupled nP response t o  t h e  e x a c t ,  coupled 
nP response i s  p l o t t e d .  It should b e  noted t h a t  s i n c e  f i g u r e s  24(a)-24(d) r e p r e s e n t  
r a t i o s  of responses  and n o t  a c t u a l  responses ,  they are a p p l i c a b l e  f o r  any node p o i n t  
on t h e  fuse l age .  These f i g u r e s  show, f o r  example, t h a t  t h e  peak 4P responses f o r  
t h e  uncoupled system wi thou t  r o t o r  m a s s  i s  almost 6 t i m e s  g r e a t e r  than t h e  4P 
response f o r  t h e  coupled system. 
I n  f i g u r e s  25(a)-25(d),  nP p l o t s  of t h e  hub r e a c t i o n  f o r c e  f o r  t h e  i s o l a t e d ,  
hub-fixed r o t o r  and t h e  hub shea r  f o r  t h e  coupled ro to r - fuse l age  are presented.  
Except f o r  t h e  1P hub s h e a r ,  t h e  i s o l a t e d  hub-fixed r o t o r  nP r e a c t i o n  f o r c e s  are 
seen t o  be i n  g e n e r a l  cons ide rab ly  g r e a t e r  than t h e  coupled ro to r - fuse l age  nP hub 
shea r s .  A s  noted above, t h e  i n f l u e n c e  of t h e  f u s e l a g e  modes, a l though c l e a r l y  evi- 
dent  f o r  t h e  coupled case, i s  absent  i n  t h e  uncoupled case. F i n a l l y ,  t h e s e  approxi- 
m a t e  and exac t  nP hub s h e a r s  are compared d i r e c t l y  i n  f i g u r e s  26(a)-26(d) where t h e  
r a t i o  of t h e  i s o l a t e d  hub-fixed r o t o r  r e a c t i o n  f o r c e  t o  t h e  coupled ro to r - fuse l age  
hub shea r  i s  p l o t t e d .  
CONCLUDING REMARKS 
I n  t h i s  r e p o r t  t h e  dynamic coupl ing between t h e  r o t o r  and t h e  f u s e l a g e  of an 
a n a l y t i c a l  h e l i c o p t e r  model i n  hover w a s  i n v e s t i g a t e d  us ing  a s i m p l i f i e d  beam f i n i t e  
element model. Eigenanalyses ,  as w e l l  as forced-response ana lyses ,  w e r e  c a r r i e d  ou t  
f o r  both coupled and uncoupled ro to r - fuse l age  conf igu ra t ions .  The r e s u l t s  f o r  a par- 
t i c u l a r  beam-model r e p r e s e n t a t i o n  of a r o t o r c r a f t  may be summarized as follows: 
1. The uncoupled ro to r - fuse l age  f r equenc ie s  in vacuo are poor approximations t o  
t h e  a c t u a l  coupled f r equenc ie s  nea r  ro to r - fuse l age  frequency coalescences.  With 
r o t o r  aerodynamic damping inc luded ,  t h e  uncoupled ro to r - fuse l age  modes are b e t t e r ,  
b u t  s t i l l  no t  good, approximations t o  t h e  coupled system complex modes. 
2.  The magnitude of t h e  resonant  response a t  t h e  fuselage-mode f r equenc ie s  i s  
h igh ly  dependent on t h e i r  proximity t o  t h e  b l ade  modal f r equenc ie s .  When t h e  r o t o r  
b l ade  and fuse l age  f r equenc ie s  coa le sce ,  v i b r a t i o n  i s  g r e a t l y  inc reased  ( r e l a t i v e l y ) ,  
whereas away from such coalescences resonant  response a t  t h e  fuselage-mode frequen- 
c i e s  may be of s i g n i f i c a n t l y  lower magnitude. 
3. Away from fuselage-mode f r equenc ie s ,  r e sonan t  e x c i t a t i o n  a t  blade-mode 
n a t u r a l  f r equenc ie s  has  a f a i r l y  s m a l l  and o f t e n  n e g l i g i b l e  e f f e c t  on f u s e l a g e  v ib ra -  
t i o n  response because of bo th  dynamics and aerodynamic damping. Thus, i t  i s  not  
always necessary t o  avoid t h e  coalescence of a system n a t u r a l  frequency wi th  an 
e x c i t a t i o n  frequency. 
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4 .  For a r a d i a l l y  uniform, harmonic b l ade  load ing ,  t h e  approximate v i b r a t i o n  
responses  obtained from applying t h e  i s o l a t e d  b l a d e  hub s h e a r s  t o  a f r e e - f r e e  fuse l age  
are considerably g r e a t e r  than t h o s e  ob ta ined  when t h e  coupled system is  analyzed for 
t h e  same b lade  loading.  
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APPENDIX A 
DERIVATION OF ELEMENT MATRICES 
For a beam f i n i t e  element of l eng th  R (fig. l), t h e  t r a n s v e r s e  displacement w 
i s  r e l a t e d  t o  t h e  modal displacements  {q)  by 
w = [a l{q)  ( A I )  
where 
and 
For a nonro ta t ing  beam element undergoing t r a n s v e r s e  v i b r a t i o n s ,  t h e  s t r a i n  
energy and k i n e t i c  energy are 
S u b s t i t u t i n g  equat ion  (Al) i n t o  t h e  t o t a l  p o t e n t i a l  energy 42 - 3  one ob ta ins  
(A4 
where t h e  element e las t ic  s t i f f n e s s  ma t r ix  [kE] and t h e  element mass mat r ix  [m] are 
given by 
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[m] = la m[aIT[a]dx 
I n  o rde r  t o  cons ide r  beams w i t h  nonuniform m a s s  and s t i f f n e s s  p r o p e r t i e s ,  t h e  
p re sen t  a n a l y s i s  a l lows t h e  element m a s s  and bending s t i f f n e s s  p r o p e r t i e s  t o  be  repre-  
sen ted  by polynomials of up t o  t h i r d  o r d e r ,  t h a t  i s ,  
m = m o  + m l c  + m , c 2  + m 3 c  3 
S u b s t i t u t i n g  equat ions  (A2) and (A101 i n t o  equat ion  (A9) and equa t ions  (A2) and ( A l l )  
i n t o  equat ion  (A8)  and c a r r y i n g  ou t  t h e  i n d i c a t e d  i n t e g r a t i o n s  over  t h e  element 
l eng th  y i e l d s  t h e  element m a s s  and e l a s t i c  s t i f f n e s s  matrices given i n  equa t ions  (B1) 
and (B2), r e s p e c t i v e l y ,  of appendix B. Note t h a t  i n  a d d i t i o n  t o  t h e  d i s t r i b u t e d  m a s s  
represented  by equat ion  (A9) ,  t h e  p re sen t  a n a l y s i s  a l s o  al lows concent ra ted  masses t o  
be  placed a t  node p o i n t s .  These po in t  masses are added t o  t h e  a p p r o p r i a t e  element 
m a s s  ma t r ix  d iagonal  l o c a t i o n .  
For a beam of l eng th  R r o t a t i n g  about a f i x e d  a x i s  w i t h  angular  v e l o c i t y  fi 
t h e r e  i s  an i n c r e a s e  i n  t h e  beam's s t i f f n e s s  as a r e s u l t  of t h e  c e n t r i f u g a l  f o r c e s  
generated.  The element s t r a i n  energy due t o  t h i s  " c e n t r i f u g a l  s t i f f n e s s ' '  i s  given by 
where T(x) ,  t h e  t ens ion  i n  t h e  beam element of l e n g t h  R a t  a d i s t a n c e  
t h e  a x i s  of r o t a t i o n ,  i s  
T(x) = MR2x dx + To 
and where 
To = $" mR2x dx 
r + R  
i s  t h e  t ens ion  due t o  m a s s  r a d i a l l y  outboard of t h e  element of i n t e r e s t .  
equa t ion  ( A l )  i n t o  equat ion  (A12)  y i e l d s  
(A14)  
S u b s t i t u t i n g  
where t h e  element c e n t r i f u g a l  s t i f f n e s s  m a t r i x  [k,] can be  c a l c u l a t e d  from 
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Equation ( A 1 6 )  can be evaluated using equat ions ( A 2 ) ,  ( A l O ) ,  and ( A 1 3 )  t o  o b t a i n  t h e  
c e n t r i f u g a l  s t i f f n e s s  m a t r i x  given i n  equat ion ( B 3 )  of appendix B f o r  an element w i t h  
a cubic  polynomial m a s s  d i s t r i b u t i o n .  
The aerodynamic loads on t h e  r o t o r  blades of t h e  p r e s e n t  coupled ro to r - fuse l age  
system i n  hover are ob ta ined  from s i m p l i f i e d  quasi-steady s t r i p  theory.  The b l ade  
l i f t  pe r  u n i t  span i s  given by 
For an element of t h e  b l a d e  t h e  v i r t u a l  work of t h i s  app l i ed  aerodynamic load i s  
c ( r  + x)G6w dx 
0 
Then s u b s t i t u t i n g  equat ion ( A l )  i n t o  equat ion ( A 1 8 )  y i e l d s  
where 
i s  t h e  element aerodynamic damping ma t r ix  which i s  presented i n  equat ion (B4) of 
appendix B. 
The v i r t u a l  work of an app l i ed  harmonic load p eiwt i s  
R 
p eiwt6w dx 
S u b s t i t u t i n g  equat ion ( A l )  i n t o  equat ion ( A 2 1 )  one o b t a i n s  
6WP = [p1{6ql 
where t h e  element load m a t r i x  [ p ]  i s  given by 
R 
[ p ]  = I p[a]dx  eiwt 
0 
Equation ( A 2 3 )  i s  evaluated f o r  a uniform s i n u s o i d a l  load d i s t r i b u t i o n  
(p = po = c o n s t a n t )  i n  equa t ion  (B5) of appendix B. 
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APPENDIX B 
ELEMENT MATRICES 
The element mass matr ix  i s  
[ m l  = 
where 
m 1 1  
m 2 1  m 2 2  
symmetric 
m 4 1  m 4 2  m 4 3  m 4 4  
11 1 9  + - 13 3 m l l  = z m o  + -  ml + -  35 630 m2 840 m 3  
m 2 1  = (& m O  60 2520 m2 315 1 1 7  + __- 1 m3)e 
) e  
+ - m l  +- 
9 9 23 1 9  
m 3 1  = 5 m O  -t 140 ml 630 m2 + 840 m3 
mh1 = - ( s m o  + -  1 m +- 1 9  70 1 2520 m 2  + m m 3  
1 +- 1 1 
13 1 5 2 + -  " 3 2  = (m m o  + m  ml 
m 4 2  = -(& m O  280 ml 504 m2 840 m3)Y2 
504 m 2  +E 
1 1 + -  1 
- 13 2 2 9  23 + - m 1  + -  m 3 3  - z m o  7 126 m 2  + 120 m 3  
11 1 13 
m 4 3  = -(m mo +"l + -  5 04 
1 1 + -  1 m + - m ) P 2  1 
4 4  = (zy m o  '168 ml 252 2 360 3 
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T h e  e l e m e n t  e l a s t i c  s t i f f n e s s  m a t r i x  i s  
s y m m e t r i c  
k3 3 
k4 2 k4 3 k4 4 
[ k ~ ]  = 1; k 2 2  3 2 
w h e r e  
k,, = [ 1 2 ( E I ) o  + 6 ( E I ) ,  + 4 . 8 ( E I ) ,  + 4 . 2 ( E I ) , ] / a 3  
k,, = [ 6 ( E I ) o  + 2 ( E I ) ,  + 1 . 4 ( E I ) ,  + 1 . 2 ( E I ) , ] / R 2  
k33 = kll 
k 4 3  = -k41  
= [ 4 ( E I ) o  + 3 ( E I ) ,  + ( 3 8 / 1 5 ) ( E 1 ) 2  + 2 . 2 ( E I )  ] / E  
k4 4 3 
T h e  e l e m e n t  c e n t r i f u g a l  s t i f fnes s  m a t r i x  i s  
1 1 1 
: 3 )  ( 2 3 (',o (i m o  + 7 1 m, + - 1 m 2  + - m + r R 2  m o  + - ml + - m2 + 7 m3))[kcl]  4 [ k ]  = -+ERR C 
- m o r R 2 [ k c  3 - - 1 (moR + m l r ) R 2 [ k c  I - - 1 (m,R + m 2 r ) R 2 [ k c  I 
2 2  3 3 4 
- - I (m2R + m3r)RR2[kc ] - - 1 (m3R)RR2[kc 3 
4 5 5  6 
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I I I I I I1 I1 I1 I I I1 I I 11l11l1111l1~l1l1l11111l1l1l1111 
where 
I 
[kClI = 
[kC21 = 
[kc 1 = 
3 
[kc 1 = 
4 
[kC51 = 
[kC6l = 
'6 15 
E l l 0  2R2/15 
-615 -2110 6 I 5  
symmetric 
!/lo -R2/30 - a l l 0  2R2/  
315 
110 R2[30 
symmetric 
315 - E l l 0  315 
0 -R2/60 0 
'12 135 
symmetric 
R/14 2R2/105 
-12135 -R/14 12/35 
-R/35 -R2/70 R/35 3R2/35. 
3/14 
R/20 11R2/840 
symmetric 
-3114 -R 120 3 114 
1 117 symmetric R/28 R2/105 
-117 -R/28 117  
-R/28 -R2/84 R/28 R2/14 
- 1/10 
symmetric 
l lR/420 R2/140 
-1110 -l lR/420 1/10 
-El30 -3R2/280 R/30 R2/15 
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1 1  
3 2  
m (; [ R 2  - (r + To = R 2  + - -  [ R 3  - (r + 
The element aerodynamic damping-matrix is 
1 2 
2 [c] = - p,acRR 
13 r 3 -
3 5 R + 3 5  
symmetric 
-- 13 r + 2  
35 a 7 
The element load matrix [p] for a uniform harmonic load is given by 
iwt e 
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APPENDIX C 
EQUATIONS OF MOTION 
The equa t ions  of motion f o r  an element of a r o t a t i n g  beam can  be de r ived  from 
Hamilton's equat ion,  
6 it2 (&f-$)dt - 1'' 6 W d t  = 0 
1 tl 
S u b s t i t u t i n g  equa t ions  (A7), ( A 1 5 ) ,  ( A 1 9 ) ,  and ( A 2 2 )  of appendix A i n t o  equat ion (C1) 
and c a r r y i n g  ou t  t h e  i n d i c a t e d  v a r i a t i o n s  y i e l d  t h e  element equa t ions  of motion, 
For a system made up of more than one f i n i t e  element,  t h e  element m a s s ,  damping, 
and s t i f f n e s s  matrices [m], [ c ] ,  and ( [ k ~ ]  + [kc])  and element load v e c t o r  {p )  can b e  
assembled i n t o  t h e  corresponding g l o b a l  matrices [MI, [C], and ([KE] + [Kc]), and 
g l o b a l  v e c t o r  {P}. Then equa t ion  (C2) may b e  r e w r i t t e n  as 
This i s  t h e  b a s i c  m a t r i x  equat ion of motion considered i n  t h e  p r e s e n t  a n a l y s i s .  
For t h e  case of f r e e  harmonic v i b r a t i o n  (in vacuo), t h e  damping m a t r i x  [C] and 
t h e  load v e c t o r  {PI are set  t o  z e r o  i n  equa t ion  (C3) and w e  o b t a i n  t h e  eigenvalue 
problem, 
which has  t h e  real eigenvalues  A = ui and t h e  m a t r i x  of real e igenvec to r s  [U]. 
I n  c a r r y i n g  ou t  t h e  complex eigenvalue a n a l y s i s  of equa t ion  (C3), i t  i s  u s e f u l  
t o  uncouple t h e  equa t ions  of motion as o u t l i n e d  by Meirovi tch ( r e f .  8). A coord ina te  
t ransformation i s  f i r s t  performed on equa t ion  (C3) by r e p l a c i n g  
where [U] i s  t h e  m a t r i x  of orthonormal modes a s s o c i a t e d  w i t h  t h e  real eigenvalue 
a n a l y s i s  of equat ion (C4). Then equa t ion  (C3) is p r e m u l t i p l i e d  by [VIT, y i e l d i n g  
Since t h e  normal modes [U] from equat ion (C4) are such t h a t  
and 
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where [ I ]  i s  t h e  i d e n t i t y  ma t r ix ,  equat ion (C6) becomes 
where 
and 
The complex eigenvalues  of equat ion (C9) can then be determined from 
A l t e r n a t i v e l y ,  f o r  harmonic e x c i t a t i o n s ,  
s o  t h a t  equat ion (C9)  can be r e w r i t t e n  as 
where 
The responses obtained from equat ion ( C 1 5 )  are t h e  modal responses as a func t ion  
of f o r c i n g  frequency w f o r  a given app l i ed  load v e c t o r  {Po}. The corresponding 
nodal  responses  (qo} can then  be obtained from equat ion ( C 5 ) .  
I n  t h e  frequency-response a n a l y s i s ,  s t r u c t u r a l  damping can be r e a d i l y  included 
by in t roduc ing  t h e  complex s t i f f n e s s  k(l + i g )  i n  p l a c e  of k where g > 0 i s  t h e  
s t r u c t u r a l  damping f a c t o r  ( r e f .  9). Then equat ion ( C 1 5 )  becomes 
(rw;(i + i g )  - w 2 4  + i w [ ~ ]  (C16) 
I n  t h e  p r e s e n t  f i n i t e  element a n a l y s i s ,  t h e  t o t a l  number of degrees  of freedom 
i s  equa l  t o  twice t h e  number of node p o i n t s  minus the  number of r i g i d  body c o n s t r a i n t s .  
I n  gene ra l ,  however, on ly  a r e l a t i v e l y  s m a l l  number of t h e s e  modes are of i n t e r e s t .  
I n  t h i s  case, t h e  formulat ion desc r ibed  above can be used t o  o b t a i n  approximate, b u t  
s t i l l  very a c c u r a t e  r e s u l t s  i f  a reduced set of only t h e  lower frequency modes neces- 
s a r y  t o  g ive  s u f f i c i e n t l y  converged r e s u l t s  i s  used i n  equa t ion  (C6). This  approxi- 
mation has  t h e  advantage t h a t  i n s t e a d  of s o l v i n g  t h e  complete system of equat ions 
2 1  
presented i n  equat ion (C9) one can ach ieve  n e a r l y  as a c c u r a t e  r e s u l t s  f o r  t h e  lower- 
frequency modes of i n t e r e s t  w i th  a reduced system of equa t ions .  All of t h e  r e s u l t s  
presented i n  t h i s  r e p o r t ,  however, w e r e  obtained from ana lyses  which i n c l u d e  a l l  of 
t h e  c o l l e c t i v e  r o t o r  modes and symmetric f u s e l a g e b e n d i n g  modes. 
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Figure 5.- Continued. 
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(d)  F i r s t  symmetric fuselage-bending mode, R = 22-28 radlsec.  
Figure 7.- Concluded. 
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Figure  9.- E x c i t a t i o n  f o r  coupled r o t o r - f u s e l a g e  model. 
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F i g u r e  10.- Coupled ro tor - fuse lage  response a t  node 17. 
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F igu re  10.- Concluded. 
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Figure  11. 
0 
- Coupled ro to r - fuse l age  response a t  node 1 7 ;  wi thout  aerodynamic damping. 
42 
. Figure  12.- Uncoupled f u s e l a g e  response  a t  node 17  t o  a n  o s c i l l a t o r y  poin t - load  a t  r o t o r  hub l o c a t i o n ;  a c c e l e r a t i o n  v e r s u s  f o r c i n g  frequency and r o t o r  speed.  
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Figure  14.- Ant i r e sonan t  
I I I I 1 
13 14 15 16 17 
FUSELAGE NODE STATION 
frequency v e r s u s  f u s e l a g e  s t a t i o n  f o r  f o r c i n g  a t  node 17. 
45 
I I I I Ill I I I I1 II I I I I1 I I I l11111111l1111~111l1l1l1111 
OD :I;
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F igure  15.- Coupled ro to r - fuse l age  complex response.  
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(b) Imaginary component a t  node 14. 
F igu re  15.- Continued. 
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(c )  R e a l  component a t  node 17 .  
Figure 15.- Continued. 
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(a)  Node 1 2  response. 
Figure 16.-  Coupled ro to r - fuse l age  response a t  va r ious  fuse l age  node po in t s .  
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Figure 16.-  Continued. 
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Figure 16.- Continued. 
(d) Node 15 response. 
Figure 16.- Continued. 
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F i g u r e  16.- Concluded. 
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Figure 17.- Coupled rotor-fuselage nP response at node 17. 
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Figure  19 . -  Q u a l i t a t i v e  r e p r e s e n t a t i o n  of coupled ro to r - fuse l age  response a t  
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F i g u r e  21.-  V a r i a t i o n  of coup led  r o t o r - f u s e l a g e  nP r e s p o n s e  w i t h  f u s e l a g e  s t a t i o n .  
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(b) 2P response .  
F i g u r e  21.- Continued 
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(c) 3P r e sponse .  
F i g u r e  21.- Continued. 
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(d)  4 P  response.  
F igure  21.-  Concluded. 
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0 (a) 1P hub shear ;  (b) 2P hub s h e a r ;  (c )  3P hub shear ;  (d) 4P hub shear .  
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